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\S 2 \S 3
( $[4],[6],$ $[18],$ $[9]$ ) \S 4 2 (





$\mu(1-x^{2})\dot{x}+x=0$ , $(=d/dt, =d^{2}/dt^{2})$ (1)
$\mu>0$ $\muarrow 0$ $x^{2}+$




$\{$ $\dot{X}=\mu X+Y-\frac{1}{3}X^{3}\dot{Y}=-X$ (3)




$x,$ $y$ $r,$ $K,$ $m_{1},$ $m_{2},$ $\alpha,$ $\gamma$
( $m_{1}>m_{2}$ )
$u=x/\alpha$ , $v=m_{1}y/\alpha m_{2}$ , $s=m_{2}t$ , $b=\gamma/m_{2}$ , $a=r/m_{2}$
. (4)
$\{$ $\frac{du}{ds}=a(1-\frac{u}{I\backslash ^{r}})u-\frac{t4v}{1+u}\frac{dv}{ds}=\frac{uv}{1+u}-bv$ (5)
$(u, v)=(0,0),$ $(K, 0)$ $0<b<$
$1,$ $K>b/(1-b)$
$( \overline{u},\overline{v})=\frac{1}{1-b}(b,$ $a- \frac{ab}{K(1-b)})$
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, $\overline{v}$ ) (5)
$(\begin{array}{lll}ab(1- \frac{1+b}{K\langle 1-b)}) -ba(l-b-\frac{b}{Ii’}) 0\end{array})$
$K<(1+b)/(1-b)$ $K>(1+b)/(1-$







$A,$ $B$ $X,$ $Y$











$\dot{u}_{k}=F(u_{k})+G_{k}(\nu, u_{1}, \cdots, u_{N})$ $(k=1, \cdots, N)$ (9)
$\dot{u}=F(u)$ , $u\in R^{m}$ $(m\geq 2)-$ (10)
$T$ $u=p(t)$ ( )
$G_{k}$




(phase) (7) $tl1$ ”
$\dot{\theta}=1$
$\theta$ $\theta+2mT$ ( $T$ : ) (9) $\nu=0$
$\theta_{k}$ $n$
$T^{N}$ $:=\{(u_{1,}, u_{N})=(p(\theta_{1}), \cdot\cdots,p(\theta_{N}))|0\leq\theta_{j}<T (j=1, \cdots, N)\}$




$T^{N}(\nu)arrow T^{N}$ $(\nuarrow 0)$
(phase dynamics)
$\dot{\theta}_{k}=1+g_{k}(\nu,\theta_{1}, \cdots,\theta_{N})$ $(k=1, \cdots, N)$
$g_{k}(\nu, \cdots)$ $\theta_{j}$ $T$ $g_{k}(0, \cdots)=0$
a$k=F(u_{k})+\nu B_{k}u_{k}+\nu D(u_{k-1}-2u_{k}+u_{k+1})$ $(k=1, \cdots, N)$ (11)
$B_{k},$ $D$ $n\cross n$
$u_{0}=u_{N}$ , $u_{N+1}=\tau\iota_{1}$ (12)
$\dot{\theta}_{k}=$ $1+\nu\{<B_{k}p(\theta_{k}),$ $q(\theta_{k})>$
$+<Dp(\theta_{k-1}),$ $q(\theta_{k})>-2<Dp(\theta_{k}),$ $q(\theta_{k})>+<Dp(\theta_{k+1}),q(\theta_{k})>$} $+O(\nu^{2})$
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$<,$ $\cdot>$ $R^{m}$ $\theta_{0}=\theta_{N},$ $\theta_{N+1}=\theta_{1}$ $(mod T)$ $q(t)$





$h(\phi)$ $;= \frac{1}{T}\int_{0}^{T}<Dp(\theta+\phi),$ $q(\theta)>d\theta$








$\{\begin{array}{l}\dot{u}_{1}=F(u_{1})+\nu B_{1}u_{1}+\nu D(u_{2}-u_{1})\dot{u}_{2}=F(u_{2})+\nu B_{2}u_{2}+\nu D(u_{1}-u_{2})\end{array}$
2 $\phi=\theta_{2}-\theta_{1}$
$d\phi$
$-=\omega-\beta\sin\phi$ , $\tau=\nu t$ (14)
$d\tau$








(phase drift) $\omega=\beta$ (








$\phi_{k}=\frac{2l\pi}{N}$ $(k=1, \cdots, N)$






i) $\beta>0$ $\ell<N/4$ $>3N/4$ $l$ $N/4<\ell<3N/4$ $\ell$ $-$
ii) $\beta<0$ $N/4<\ell<3N/4$ $\ell$ # $l<N/4$ $\ell>3N/4$
($\ell=N/4$ $O(\nu^{2})$
) $\theta_{1}=\theta_{2}\cdots=\theta_{N}(\phi_{k}=0, k=1, \cdots, N-1)$ $\beta>0$








ti $=F(\mu, u)$ (17)
$F(\mu, 0)=0$ $\partial F/\partial u(0,0)$ $\pm i\omega$
Hopf $(\mu, u)=$
$(0,0)$





${\rm Re} a>0$ ${\rm Re}\beta>$
$0(<0)$ “super critical (sub critical)” ${\rm Re}\alpha>0$ ${\rm Re}\beta>0$
$({\rm Re}\alpha)\mu$ $\sqrt{{\rm Re}\beta}z$ $\mu,$ $z$ $\alpha,$ $\beta$
$a=1+.ia$ , $\beta=1+ib$ (19)
(18)
$z=\sqrt{\mu}\exp\{i(\omega+\mu(a-b))t\}$ (20)
( $\mu<<1$ (20) 1
)
$\{\dot{u}_{2}^{1}=F(\mu,u_{2}^{1})+\nu D(u_{1}^{2}-u_{2})\dot{u}=F(\mu,u)+\nu D(u-u_{1})$ (21)
$(\mu, \nu, u_{1}, u_{2})=(0,0,0,0)$
$\{\dot{z}_{1}=i_{\omega z_{2}^{1}}\dot{z}_{2}=i^{\omega z}I_{\mu\alpha z_{2}^{1}-\beta}^{\mu\alpha z-\beta}|\begin{array}{l}z_{1}z_{2}\end{array}|2_{Z_{2}^{1}}$ I $\nu\gamma(z-z_{1})\nu\gamma(z_{1}^{2}-z_{2})$ (22)
$\gamma$
$D$ $F$ $z_{1},$ $z_{2}=O(\epsilon),$ $\mu,$ $\nu=O(\epsilon^{2})$
$\alpha,$
$\beta$ (19)





















(2 ( $[7]$ ) ) (22) $\mu$
$b=2,$ $c_{2}=1$ Aronson et al.
$c_{2}$ $\max|z_{1}|$ SI, $UI$
SA, $UA$ asymmetric $ST,$ $UT$ phase-
trapping SO, $UO$ ( “AUTO” )
\S 2
Van-der-Pol
$\ddot{x}_{j}-\mu(1-x_{j}^{2})\dot{x}_{j}+x_{j}=\nu d_{1}(x_{i}-x_{j})+\nu d_{2}(\dot{x}_{i}-\dot{x}_{j})$ $(j=1,2, i\neq j)$
$u_{j}=\sqrt{\mu}xv=\gamma_{\dot{X}_{j}}$ $u_{j}=(u_{j}, v_{j})$
$\alpha=1$ $\beta=1$ , $\gamma=\frac{1}{2}(d_{2}+id_{1})$
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Figure 2: Aronson et al.
i) Prey-Predator





















$\{\dot{z}_{2}^{1}=i\omega z_{2}^{1}+\mu(1\dot{z}=i\omega z+\mu(1I_{ia_{2}^{1})z_{2}^{1}-(1+b_{2}^{1})}^{ia)z-(1+b)}|\begin{array}{l}z_{1}z_{2}\end{array}|2_{Z_{2}^{1}}I_{\nu(z_{1}^{2}-z_{2}^{1})}^{\nu(z-z)}$ (25)
$b_{1}=b_{2}=0$
$w_{j}=\epsilon z_{j}e^{i\omega t}$ , $\muarrow\epsilon^{2}\mu$ , $\nuarrow\epsilon^{2}\nu$ , $\epsilon^{2}tarrow t=$
$\dot{w}_{j}=\mu(1+ia_{j})w_{j}-|w_{j}|^{2}w_{j}+\nu(w_{k}-w_{j})$ $(j=1,2, k\neq j)$ (26)
$\mu=1$ $\Delta=a_{2}-a_{1}$ $(w_{1}, w_{2})=(0,0)$
$|\triangle|>2$ , $1< \nu<\frac{1}{2}(1+\frac{1}{4}\triangle^{2})$
$\nu>1$ $|\triangle|$




Figure 3: Oscillation deth
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Abstract
Nonlinear oscillators model biological rhythm and coupling of such nonlinear oscillators in-
duces interesting phenomena such as synchronization, phase-locking, oscillation deth etc.
The dynamics and bifurcation structure of coupled oscillators are shown together with math-
ematical methods the analysis.
